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Abstract
Because of the long range of the gauge interactions, the collective behaviour of
quarks and gluons plays a decisive role in the transport processes. Collective ef-
fects, like Debye screening and Landau damping, remove the unphysical infrared
divergences of the transport cross-sections and provide finite relaxation rates. I
review here a theory of the plasma collective excitations that has been recently
developed. It is based on kinetic equations derived from the general QCD Dyson-
Schwinger equations, in the weak coupling limit. I present some new, truly non-
abelian, collective excitations, which correspond to nonlinear color oscillations of
the QCD plasma.
1. COLLECTIVE PHENOMENA AND SCREENING
Let me start by recalling some typical scales in the high temperature QCD
plasma. In equilibrium, quarks and gluons have generally energies and momenta
of order T , and number densities of order T 3. Then, the average interparticle
distance r¯ ∼ n−1/3 ∼ 1/T is of the same order as the thermal wavelength λT =
1/k ∼ 1/T (where k ∼ T is a typical particle momentum), that is, the Pauli
principle cannot be ignored, and quantum distribution functions have to be
used. When coupled to a slowly varying external perturbation, — of the type
we consider when looking to transport phenomena —, the plasma may acquire
a collective behaviour on a typical length/time scale of order 1/gT . Collectivity
arises since any motion taking place over a distance scale λ ≫ r¯ may involve
coherently a large number of particles.
A typical example is the response of the plasma to a weak and slowly varying
gauge mean field, Aaµ(ω,p), with both ω and p of order gT . In linear response
theory, the induced color current is given by a Kubo-type formula, jµa = Π
µν
abA
b
ν ,
where the (color) polarization tensor Πµνab is determined by the motion of the
thermal particles in the presence of the soft field. As it is well known1, in
ordinary electromagnetic plasma the polarization phenomena are conveniently
described as fluctuations δn(k, x) of the distribution functions of the charged
particles induced by their interaction with the average electromagnetic field.
For weak fields and collisionless plasmas, δn(k, x) is obtained by solving the
linearized Vlasov equation1
∂δn
∂t
+ v ·
∂δn
∂x
= − e (E + v ×B) ·
∂n0
∂k
, (1)
where v, k, e and n0 denote the particle velocity, momentum, electric charge and
equilibrium distribution function. Once δn(k, x) is known as a functional of the
gauge fields, the induced current follows as jµ(x) = e
∫ d3k
(2pi)3 v
µ δn(k, x), with vµ ≡
(1,v), and the polarization tensor is finally obtained from Πµν = δjµ/δAν . By
applying these formulae to an ultrarelativistic QED plasma, made of electrons,
positrons and photons (with n0 = 1/(exp(βk) + 1), β ≡ 1/T , and v = k/k), one
finds1
Πµν(ω,p) = m
2
D
{
−δ0µδ
0
ν + ω
∫
dΩ
4π
vµ vν
ω − v · p+ iǫ
}
, (2)
where the integral
∫
dΩ runs over all the directions of the unit vector v and
m2D ≡ e
2T 2/3. Of course, when looking to ultrarelativistic quantum plasmas, one
may not trust the simple kinetic arguments above. However, the field-theoretical
one-loop calculation of Πµν gives, to leading order in g, the same result as eq. (2).
Quite remarkably, a similar expression (with m2D = (2N+Nf )g
2T 2/6) is obtained
also for a hot QCD plasma, for N colors and Nf massless quark flavors2. (In
deriving these results, the g dependence of the momentum of the soft field (recall
that ω ∼ p ∼ gT ) plays an essential role3,4.) Such a ‘coincidence’ suggests that
kinetic theory may be appropriate to understand the polarization properties of
ultrarelativistic plasmas; this is related to the long wavelength character of the
collective motion: λ ∼ 1/gT is much greater than both λT and r¯.
We shall return to QCD kinetic theory in the next section. But, before that,
let me explore the consequences of the polarization tensor (2) for the screening
of the long range gauge interactions. The one-gluon (or photon) exchange inter-
action between two conserved currents jµ and j′µ is (with color indices omitted)
V (ω,p) =
ρ ρ′
p2 +Πl(ω, p)
+
(j× pˆ) · (j′ × pˆ)
ω2 − p2 −Πt(ω, p)
, (3)
where pˆ = p/p, jµ = (ρ, j), etc., and Πl,t denote the longitudinal and trans-
verse components of Πµν , eq. (2), as given in Ref. 2. In the static limit (ω → 0),
Πl → m
2
D, and the longitudinal (electric) interaction — the first term of eq. (3) —
is screened, with a screening length λD = m
−1
D ∼ 1/gT . However, for ω = 0, Πt = 0,
and the transverse (magnetic) interaction of eq. (3) is not screened. This is simi-
lar to what happens in normal electromagnetic plasmas, where the electric fields
are screened by the mobile charges, while the (static) magnetic fields are not
(magnetic fields are only screened in a superconductor). For QCD, one generally
expects the generation of a magnetic mass mmag ∼ g2T , via some non pertur-
bative mechanism which remains, as yet, poorly understood3,12. Note, however,
that independent of the existence of the magnetic mass, the finite frequency mag-
netic fields are screened by Πt, as firstly observed by Weldon2. At low frequency
(ω ≪ p), the leading contribution to Πt is, in fact, given by its imaginary part,
since ImΠt ≃ −(π/4)m2D u ∝ u, while ReΠt ∝ u
2 (with u ≡ ω/p). Therefore, for
ω ≪ p ∼ gT , the inverse transverse propagator, D−1t (ω, p) ≡ ω
2− p2−Πt(ω, p), has
the leading behaviour D−1t ∼ −p
2+ iπm2D ω/4p, and vanishes at the complex wave
vector (iπω/4mD)1/3mD; in coordinate space, this corresponds to field attenua-
tion over a length scale ∼ (ωm2D)
−1/3, and is analogous to the anomalous skin
effect in a pure metal. Such a dynamical screening is ultimately related to the
Landau damping of the gauge field, i.e. the coherent transfer of energy towards
the hard particles which are moving in phase with the field oscillations1.
2. FROM FIELD THEORY TO KINETIC EQUATIONS
The collective motion of the quark-gluon plasma over a length-time scale
∼ 1/gT can be conveniently described as long wavelength oscillations of gauge
and fermionic mean fields to which the plasma particles couple. The relevant
dynamics is described by the QCD Dyson-Schwinger equations for the n-point
Green’s functions (n ≥ 1). I present now the results obtained through a per-
turbative analysis of these equations in which the leading terms in an expansion
in powers of g are consistently preserved4. In doing so, one encounters three
types of approximations, which, in most many-body systems, are independent
approximations, but here are controlled by the same small parameter, i.e. g.
These are the weak coupling approximation (g ≪ 1), the long wavelength ap-
proximation (λ ∼ 1/gT ≫ 1/T ), and the small amplitude approximation (the
gauge field strength tensor is limited by F <∼ gT
2, or, equivalently, the gauge
potentials satisfy A <∼ T ). The constraint on the field amplitude ensures the
consistency of the soft covariant derivative Dµ = ∂µ + igAaµt
a in perturbation
theory: ∂µ ∼ gT ∼ gAµ for Aµ ∼ T . I emphasize that this does not result in a
trivial linearization of the equations, precisely since the gauge fields involved in
covariant derivatives are to be kept to all orders.
To leading order, the Dyson-Schwinger equations reduce to a set of coupled
equations for the soft mean fields and their induced sources which involve only
2-point functions4. I present here only the equations relevant for the color oscil-
lations of the plasma, i.e. for the collective motion carrying the gluon quantum
numbers. The first equation, the generalization of the Maxwell equation in a
polarizable medium, relates the gauge mean field Aaµ to the induced color current
jaµ:
[Dν , Fνµ(x) ]
a = jaµ(x), (4)
where Fµν = [Dµ,Dν ]/(ig). The induced current expresses the response of the
plasma particles to the soft fields Aaµ and transforms as a color vector in the
adjoint representation (see below), so that eq. (4) is gauge covariant. Both
fermions (quarks and antiquarks), and bosons (transverse gluons) carry color,
so that they will all contribute to the induced current. To leading order, we
have
jaµ(x) = g
∫
d3k
(2π)3
vµ
{
Nf
[
δna+(k, x) − δn
a
−(k, x)
]
+ 2N δNa(k, x)
}
, (5)
where vµ ≡ (1, v) and v ≡ k/k is the velocity of the hard particle. The color den-
sity matrices δn± ≡ δna±(k, x) t
a and δN ≡ δNa(k, x)T a are essentially the Wigner
transforms of the 2-point correlation fonctions of fermions and, respectively,
transverse gluons, in the presence of the gauge fields. They are determined by
the following kinetic equations4
[v ·Dx, δn±(k, x)] = ∓ g v ·E(x) (dn0/dk), (6)
[v ·Dx, δN(k, x)] = − g v ·E(x) (dN0/dk), (7)
where Eia ≡ F
i0
a is the chromoelectric field and N0 = 1/(exp(βk) − 1). In the
abelian case, eq. (6) reduces to the linearized Vlasov equation discussed in the
previous section. In the non abelian case, the equations above are non linear in
the color fields, due to the presence of covariant derivatives in their left hand
side.
For retarded boundary conditions, such that the fields Aaµ vanish as x0 → −∞,
the induced current given by eqs. (5)–(7) has the following expression:
jµ(x) = m2D
∫
dΩ
4π
vµ
∫
∞
0
dτ U(x, x− vτ)v ·E(x− vτ)U(x− vτ, x), (8)
where U(x, y) is the parallel transporter along the straight line γ joining x and y,
U(x, y) = P exp{−ig
∫
γ dz
µAµ(z)}. Because of the parallel transporters, jµ is non-
linear in Aaµ to all orders. This is, of course, a consequence of the non abelian
gauge symmetry: the use of parallel transporters is the only way to conciliate
the non-locality and the gauge covariance of jµ.
By successively differentiating eq. (8) with respect to the gauge fields, one
obtains an infinite series of polarization amplitudes which characterize the prop-
agation and the mutual interactions of the soft fields, at leading order. One thus
recovers the tensor Πµν of eq. (2), and, more generally, all the “hard thermal
loops” identified in one loop diagrams by Braaten and Pisarski3 and by Frenkel
and Taylor5.
The solutions of the field equations (4) with the induced current (8) describe
long wavelength color waves propagating through the plasma. These are gen-
erally complicated, integro-differential and non-linear equations. However, they
simplify for plane wave solutions, i.e. for Aaµ(x) = A
a
µ(p · x), where p
µ = (ω,p)
is a fixed 4-momentum; in this case, jµ becomes local and linear in the gauge
potentials6: jaµ(x) = Πµν(ω,p)A
ν
a(p · x), with Πµν given by eq. (2). Then, the field
equations reduce to dynamical systems6, whose properties can be investigated
both numerically and analytically. As an example, let me consider transversally
polarized plane waves for the color group SU(2). In the covariant gauge pµAaµ = 0,
a particular such configuration is A0 = 0, A(z) = h1(z)e1 T 1 + h2(z)e2 T 2, where
z ≡ p · x, ei · p = 0, ei · ej = δij , and the functions hi(z) satisfy
(ω2 − p2) (h¨1 + h1) + g
2 h22 h1 = 0,
(ω2 − p2) (h¨2 + h2) + g
2 h21 h2 = 0, (9)
where the linear (mass) terms in h1 and h2 arise from the induced current6.
Besides, ω and p are related through the dispersion equation ω2−p2−Πt(ω, p) = 0.
Numerical studies of this non-linear system have shown that its solutions are
quasi-periodic for small amplitudes (hi ≪ T ), when the non-linear terms are not
important, but they become unstable as the amplitude is incresed; for hi ∼ T ,
the system presents a chaotic behaviour, whose physical understanding would
be interesting.
Even if the system (9) is non-integrable, some particular (periodic) solutions
to it may still be found analytically6. We have, for instance, the symmetric
solution h1 = h2 = h0 cn(νz;κ), where cn(z;κ) is the Jacobi elliptic cosine of
modulus κ, and the constants h0, ν and κ are related to the energy density of
the plane wave6.
3. QCD TRANSPORT COEFFICIENTS
In this section, I review recent calculations of transport coefficients for a
weakly interacting hot QCD plasma. In field theory, the systematic study of
dissipative phenomena requires either the use of Kubo-type formulae, — which
relate the transport coefficients to various correlation functions of the energy-
momentum tensor7 —, or the use of quantum transport equations, with collision
terms included. So far, both these approaches are afflicted with serious prob-
lems, reflecting the difficulties in constructing a consistent perturbation theory
for hot gauge theories. For example, one encounters infrared divergences associ-
ated to the long range static magnetic interactions, or to the massless particles.
Besides, the characteristic scales (as gT or g2T ) involve powers of g, so that they
interfere in a non trivial way with the usual expansion in powers of the interac-
tion vertices. We have seen, in our derivation of collisionless kinetic equations4,
that it is important to take this properly into account in order to obtain con-
sistent equations which are gauge covariant. A similar analysis of the collision
terms is still lacking, in spite of several recent attempts8.
An alternative, more pragmatical — and, as yet, also more successful —
point of view, is to assume the existence of a Boltzmann transport equation
with binary collision terms, as for non relativistic many body systems with well
defined quasiparticles9. The first approaches10 employed the relaxation time ap-
proximation, where the collision integral is expressed via the characteristic time
τ describing the rate at which local equilibrium is restored — through collisions
— after an initial perturbation. If σtr is the specific (transport) cross section, and
n is the number density of the scatterers (n ∼ T 3), then τ ∼ 1/nσtr. For processes
which involve energy and momentum dissipation, σtr =
∫
dΩ (dσ/dΩ) (1 − cos θ),
where the (1− cos θ) weight arises because large angle scatterings are most effec-
tive in momentum degradation: for small θ, the transferred momentum p is also
small (p2 ∝ (1− cos θ)).
In the Born approximation, the exchange of a bare gluon leads to the Ruther-
ford differential cross section, (dσ/dΩ) ∝ g4/ sin4(θ/2) ∝ g4/p4, and the corre-
sponding σtr is logarithmically infrared divergent. However, for ω, p <∼ gT ,
the medium effects are important, as we have seen in Sec. 2, and the bare
matrix element ∼ 1/(ω2 − p2)2 should be replaced with the effective interac-
tion (3). Then, the various screening mechanisms reviewed before lead to a
finite transport cross-section. This is obvious for the electric interaction, since
now (dσel/dΩ) ∝ g4/(p2 + m2D)
2, but it is also true for the magnetic interac-
tion, as firstly notified by Baym et al.11: (dσmag/dΩ) ∝ g4/[p4 + (πωm2D/4p)
2],
and the dynamical screening occuring for ω 6= 0 is sufficient to insure a finite
value for σtr: σtr ∼ (g2/T )2 ln(T/mD). Then, the typical momentum relaxation
time is τ−1mom ∼ g
4T ln(1/g). The various transport coefficients — as viscosi-
ties, electric conductivity, or flavor diffusion — are related to τmom by standard
formulae10; more elaborate calculations use variational methods to solve the
Botzmann equation11.
Contrary to the scattering cross-section, the total interaction rate σ =
∫
dΩ
(dσ/dΩ) remains logarithmically divergent even when the effective propagator
is used for the exchanged gluon. Accordingly, quantities like the quasiparti-
cle damping rates3,12 are sensitive to the magnetic scale g2T . It has been ar-
gued recently13 that a similar sensitivity also occurs for the color relaxation
times τcolor, which measures how rapidly dissipates a local color excitation. One
found13 τ−1col ∼ g
2T ln(mD/mmag) ∼ g
2T ln(1/g), so that τcol ∼ g2τmom, and the color
diffusion is smaller by a factor g2 than spin or flavor diffusion. A similar sup-
presion appears for the color conductivity. The reason for this behaviour is that
color may be easily exchanged by the gluons in the forward scattering processes,
so that the respective cross section do not pay for the extra factor (1− cos θ).
It would be both interesting and important to analyze QCD transport phe-
nomena in a more rigorous way, by consistently deriving kinetic equations from
quantum field theory, with attention to the specific scales and to the gauge
symmetry. As suggested by our leading order analysis, the kinetic equations
obtained from truncated Dyson-Schwinger equations may be an efficient way to
study the non perturbative long range behaviour of the high temperature phase
of QCD.
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